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a b s t r a c t
In this note, a new oscillation criterion for forced half-linear second order differential equa-
tions with mixed nonlinearities is obtained by using a generalized Riccati transformation.
The result of this note generalizes and improves some previous results in the literature.
© 2012 Published by Elsevier Ltd
1. Introduction
In this note,we discuss the oscillation property of the following half-linear second-order differential equationwithmixed
nonlinearities:
r(t)φp(x′(t))
′ + c(t)φp(x(t))+ n
i=1
ci(t)φpi(x(t)) = e(t), t ≥ t0, (1)
where r ∈ C1([t0, +∞), (0, +∞)) and c, e, ci ∈ C([t0,+∞), R) and p > 1, pi > 1 for i = 1, 2, . . . , n and φq(u) =
|u|q−2u with q > 1. As pointed out by the author of [1], we miss the systematic oscillation theory for the equation with
mixed nonlinearities. In fact, as pointed out in [1–3], the set of all solutions is more comprehensive than in the half-linear
case, in particular, some solutions may become infinite at some finite time t0 (blow-up), or satisfy lim supt→t0 |x(t)| = +∞.
More specifically, under the assumption that ci(t) ≥ 0 for pi > p (andi,pi>p ci(t) > 0 for t ∈ [t0,+∞)), by using a
method which is similar to the one used in [3], it is not difficult to show that any positive or negative solutions of (1) which
blow-up at some bmust satisfy lim supt→b− |x(t)| = +∞ but not satisfy limt→b− |x(t)| = ∞. (For reasons of simplicity, we
do not give the proofs of this claim in this paper.)
For this reason, motivated by [1], instead of formulating the results as oscillation criteria which are consequences of
conjugacy criteria, we present our results in terms of nonexistence of positive or negative solutions of (1) on their existing
intervals.
Let I = [t0, +∞). By a solution of (1) on I we mean a function x(t) defined on a maximal interval Ix ⊂ I such that
r(t)φp(x′(t)) is differentiable and x(t) satisfies (1) everywhere on Ix. Moreover, we assume that pi ≠ p for all i = 1, 2, . . . , n
and pi ≠ pj for every i, jwith i ≠ j.
✩ The first and third authors are supported by NSFC 60973049 and NSFC 61171121.∗ Corresponding author.
E-mail addresses: yangxj@mail.tsinghua.edu.cn (X. Yang), kyiode@hotmail.com, yikim@mail.ulsan.ac.kr (Y.-I. Kim), gluo@tsinghua.edu.cn (K. Lo).
0893-9659/$ – see front matter© 2012 Published by Elsevier Ltd
doi:10.1016/j.aml.2012.04.023
X. Yang et al. / Applied Mathematics Letters 25 (2012) 2128–2131 2129
This note is motivated by the recent papers [4,1]. In [4], it is assumed that 1 < p < p1 < p2 < · · · < pn and ci(t) ≥ 0 for
t ∈ I and i = 1, 2, . . . , n. In [1], the author has claimed that it is allowed to have pi < p for some i and he has not assumed
anything about the sign of the functions ci. But we find that the author of [1], in fact, has used the assumption that ci(t) ≥ 0
for those iwith pi > p and this was not stated clearly in the assumptions of the main results of [1].
In this note, we improve and generalize some results of [4] and give a new version of Theorem 2.1 in [1].
Consider the following homogeneous half-linear equation:
r(t)φp(x′(t))
′ + C(t)φp(x(t)) = 0. (2)
The author of [1] has used the transformation
w(t) = r(t)φp(x
′(t))
φp(x(t))
(3)
which changes (2) into
w′ = −(p− 1)r −1p−1 (t)|w| pp−1 − C(t), (4)
instead of using the generalized Riccati transformation
w(t) = φ(t)r(t)φp(x
′(t))
φp(x(t))
. (5)
He has claimed that there is no loss of generality to do so, since the results of [4] can be obtained from (4) by transformation.
But the author of [1] did not give the proof of his claim. In order to adopt hismethod, we first show that his claim is correct. In
fact, since φ(t) > 0 and φ ∈ C1, it is not difficult to verify thatw(t) satisfies (4) if and only if the functionW (t) = φ(t)w(t)
satisfies the following Riccati equation:
W ′ = φ
′
φ
W − (p− 1)|W |
p
p−1
(r(t)φ)
1
p−1
− φC(t). (6)
Since the results of [4] follows from (6) and (6) is equivalent to the functionw(t) = W (t)
φ(t) which is defined in (3) and satisfies
(4), without loss of generality, we need only to use transformation (3) instead of transformation (5). This will make the result
of our paper and its proof simpler and more transparent.
2. Main result
Theorem 1. Consider Eq. (1). Let [a, b] ⊂ R. Suppose that r ∈ C1([a, b], (0,+∞)) and p > 1, pi > 1 for i = 1, 2, . . . , n and
pi ≠ pj for every i, j with i ≠ j and e ∈ C([a, b],R). Denote J1 = {i ∈ {1, 2, . . . , n} : pi > p} and J2 = {i ∈ {1, 2, . . . , n} : pi <
p}. Assume that ci(t) ≥ 0 for t ∈ [a, b] and i ∈ J1. Let ϵi ∈ C([a, b], (0,+∞)) for i = 1, 2, . . . , n andni=1 ϵi(t) = 1. Define
ei(t) = ϵi(t)e(t), so thatni=1 ei(t) = e(t) and ei(t) has the same sign as e(t). Define a function C(t) as follows:
C(t) = c(t)+
n
i=1
di(t), (7)
where
di(t) =

(pi − 1)
 |ei(t)|
pi − p
 pi−p
pi−1

ci(t)
p− 1
 p−1
pi−1
, if i ∈ J1;
0, if ci(t) ≥ 0 and i ∈ J2;
(1− pi)
 |ci(t)|
p− 1
 p−1
pi−1

p− pi
|ei(t)|
 p−pi
pi−1
, if ci(t) < 0 and i ∈ J2.
(8)
If e(t) < 0 for t ∈ [a, b] and (2) has conjugate points on [a, b], then (1) has no positive solution on [a, b]. If e(t) > 0 for
t ∈ [a, b] and (2) has conjugate points on [a, b], then (1) has no negative solution on [a, b].
Before proving Theorem 1, we give a lemma in the following:
Lemma A. Let x > 0 and t ∈ [a, b]. Set fi(t, x) = ci(t)xpi−p − ei(t)xp−1 for i = 1, 2, . . . , n. Assume that ei(t) < 0 for t ∈ [a, b].
Then we have
inf
x>0
fi(t, x) =

di(t), if i ∈ J1 and ci(t) ≥ 0;
−∞, if i ∈ J1 and ci(t) < 0;
0, if i ∈ J2 and ci(t) ≥ 0;
di(t), if i ∈ J2 and ci(t) < 0,
where di(t) for i = 1, 2, . . . , n are given by (8).
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Proof. Since
fi(t, x) = ci(t)xpi−p − ei(t)xp−1 =
ci(t)xpi−1 − ei(t)
xp−1
, (9)
we have
∂ fi(t, x)
∂x
= (pi − p)ci(t)x
pi−1 + (p− 1)ei(t)
xp
. (10)
Case I: i ∈ J1, that is, pi > p. We see that if ei(t) < 0 and ci(t) ≥ 0, then we have limx→0+ fi(t, x) = +∞. If
ci(t) = 0, then ∂ fi(t,x)∂x < 0 for t ∈ [a, b] and x > 0, and hence infx>0 fi(t, x) = limx→+∞ fi(t, x) = 0. If ci(t) > 0, then
limx→+∞ fi(t, x) = +∞ and ∂ fi(t,x)∂x = 0 has only one positive solution x∗ with
(x∗)pi−1 = (p− 1)|ei(t)|
(pi − p)ci(t) .
In this case, we have
inf
x>0
fi(t, x) = fi(t, x∗) = (pi − 1)
 |ei(t)|
pi − p
 pi−p
pi−1

ci(t)
p− 1
 p−1
pi−1
.
If ci(t) < 0, then limx→+∞ fi(t, x) = −∞, and hence infx>0 fi(t, x) = −∞.
Case II: i ∈ J2, that is, pi < p. If ci(t) ≥ 0, then we see from (9) and (10) that limx→0+ fi(t, x) = +∞ and
limx→+∞ fi(t, x) = 0. Since ∂ fi(t,x)∂x < 0 for t ∈ [a, b] and x > 0, we have infx>0 fi(t, x) = limx→+∞ fi(t, x) = 0. If ci(t) < 0,
then it follows from (9) that limx→0+ fi(t, x) = +∞, limx→+∞ fi(t, x) = 0 and ∂ fi(t,x)∂x = 0 has only one positive solution
x∗∗ with
(x∗∗)pi−1 = (p− 1)|ei(t)|
(p− pi)|ci(t)| .
In this case,
inf
x>0
fi(t, x) = fi(t, x∗∗) = (1− pi)
 |ci(t)|
p− 1
 p−1
pi−1

p− pi
|ei(t)|
 p−pi
pi−1
.
Lemma A is thus proved. 
Proof of Theorem 1. We first assume that e(t) < 0 on [a, b]. Suppose on the contrary that x(t) is a positive solution of (1)
on [a, b]. Set
w(t) = r(t)φp(x
′(t))
φp(x(t))
, t ∈ [a, b]. (11)
Differentiating (11) and using (1), it follows that for t ∈ [a, b],
w′(t) = −

c(t)+
n
i=1
ci(t)xpi−p − e(t)xp−1

− (p− 1)|w(t)|
p
p−1
r(t)
1
p−1
= −

c(t)+
n
i=1

ci(t)xpi−p − ei(t)xp−1

− (p− 1)|w(t)|
p
p−1
r(t)
1
p−1
.
(12)
Under the assumption that ci(t) ≥ 0 for i ∈ J1, we see that infx>0 fi(t, x) = di(t) is bounded and continuous in t . From
the above analysis we see that (12) can be written as
C(t) =

c(t)+
n
i=1
di(t)

≤

c(t)+
n
i=1
fi(t, x)

= −w′(t)− (p− 1) |w(t)|
p
p−1
(r(t))
1
p−1
. (13)
This implies that the inequality
w′(t) ≤ (1− p)r(t) −1p−1 |w(t)| pp−1 − C(t)
holds on [a, b]. As pointed out in [1], the generalized Riccati equation
w′(t) = (1− p)r(t) −1p−1 |w(t)| pp−1 − C(t) = 0
has a solution on [a, b]. Hence, by the half-linear Roundabout theorem (see [5]), (2) has no conjugate points on [a, b].
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If e(t) > 0 on [a, b], suppose that y(t) is a negative solution of (1) on [a, b]. Then multiplying both sides of (1) by−1, we
see that−e(t) < 0 and x(t) = −y(t) is a positive solution of (1). Similarly to the above argument, we can show that (2) has
no conjugate points on [a, b]. This finishes the proof of Theorem 1. 
Remark. From the expressions in (8), we see that if J2 = ∅ or if i ∈ J2 and ci(t) ≥ 0,∀ t ∈ [a, b], then the result of Theorem1
remains valid if we replace e(t) < 0 by e(t) ≤ 0.
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